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Analytical density functional theory of homogeneous vapor condensation
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Starting from an exact gradient transcription of the perturbative density functional theory of homogeneous
vapor condensation, we propose an analytical approximation that reproduces the density profile and free energy
of critical fluctuations to high accuracy. For a broad variety of substances, including nonpolar, weakly polar,
and metallic liquids, the method predicts nucleation rates that are orders of magnitude closer to experiment
than those from the classical approach. The present treatment incorporates detailed molecular theory into
macroscopic modeling.

PACS numbgs): 64.60.Qb, 64.70.Fx, 68.10.Jy, 82.60.Nh

Vapor-liquid nucleation plays an essential role in phe-thus, the inclusion of the DFT into macroscopic scale mod-
nomena of scientific and practical interest including cloudeling has been considered unfeasible. In this paper we
formation[1], climatic change$2], and various technologi- present a highly accurate analytical approximation, that re-
cal procedures. Analogous processes take place during cryselves this difficulty.
tallization[3], phase separatidd], boiling [5], and the first- Our starting point is an exact transcription of Eg) into
order phase transitions associated with the early history ad gradient theory proposed recently by Iwamatsu and Horii
the universd6]. The molecular models based on thensity  for Yukawa attractior{ 15] that introduces the HS chemical
functional theory(DFT) clarified important aspects of nucle- potentialw, as the order parameter. For spherical droplets,
ation such as the formation of metastable phéZgsnucle- .
ation in the presence of a metastable critical pg&jt con- W:f
densation of polar substanc¢8], and the magnitude of 0
nucleation prefactor for condensatigt0] and crystallization
[11], and results that either accord with computer simulationgvhere the local deviation of the effective free energy density
[12] or are complementary to them. o from the value for the homogeneous system is expressed

Starting from molecular interactions, the density func-in terms of the potentiaV/ introduced in[15]: Aw= 0 —w.,
tional theory of vapor condensati¢h3] accounts for much = V(un) + po. The coefficientA is related to the surface ten-
of the discrepancy between experiment and classical theorgion y via the planar version of Ed3),
and predicts nucleation rates improved by orders of magni- o dun
tudg[14]. Ir_n this approach, the attractl\(e part o_f the molecu- 7:] AN[2Al (p,pv)]lm( d_) dp, (4
lar interaction appears as a perturbation relative to a repul- f P
sive hard-spheréHS) contribution. The work of formation

d,LLh 2 2
W) }4’77!’ dl', (3)

A
Aw(#h)+§

Dy

of the inhomogeneous system is whereAl(p,p,) =[] (un—me —ap)(dun/dp)dp [16]; p,
andp, are the equilibrium vapor and liquid densities, and
W:f o[ p(r)]dr+ %f p(Hw(|r—r'|)p(r")drdr’, is the chemical potential of the saturated vapor.

We approximate the free energy—order parameter rela-

(@) tionship by a triple parabola expansion=3 \;(m—m;)?
where ¢=f,— uop+po, fr is the Helmholtz free energy —AM+ i 10o. Herem=(un— un,)/(fn = #n,) iS @ nor-
density of the HS fluid given by the Carnahan-Starligg ~ Malized order parametem; are the positions of the tips of
equation,p is the number density of molecules, andp, "€ parabolas for the vapor and liquid minima-0 and 2
are the chemical potential and pressure of the supersaturat@d the maximum in between< 1), Ao,>0 and\,<0 are
vapor, whilew(|r —r']) is the attractive part of the potential, (e respective curvaturég,, andpuy, are the HS chemical
assumed to be of the Yukawa form. The extremum of thigPotentials for the equilibrium liquid and vapor phasgsis
functional corresponds to the nucleus, for which the densitfne free energy differencej;, is the Kronecker's delta,
distribution is obtained as the solution of tfietegra) Euler- ~ While wg is the height of the free energy barrier in equilib-

Lagrange equation rium. For fixed\;, my, andm,, continuity of the free energy
and its first derivative at the matching poimtg andmg (see
_ * g Fig. 1) requires thatma=(AomMmg+|\1|my)/(Ao+|N\1]), Mg
=upt r,r')dr 2
fo= Hn fo wrr) @ =Myt )/ +\g),  and  wo=3 Ao(Ma—mp)?

+1/2\[(ma—my)?, where m;=[—q+(pa)*?)/(p—q),
where uy, is the local chemical potential of the HS fluid, while p=Xg|\i|/(Ag+|N1]) @andg=N\,|\q|/(Ao+|N\q]).
y=—(anr'12r){exd —\|r—=r'|]—exd = N(r+r")]}p(r'), To accurately reproduce the free energy curve for the
while « and\ are the integral strength and the range parampractically important small supersaturations, the curvatures
eter of the Yukawa potentidtL3]. The iterative determina- for the vapor and liquid branches=£0 and 2 are evaluated
tion of the unstable solution of E@2) is time consuming, in equilibrium as
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. =0 Having determined , andrg numerically, the work of
"’E sk formation is evaluated by integrating the right-hand side of
> Eq. (3) piecewise, yieldingV=W,+ W, +W,, where
© 1o ra)?
~ sk wozzwaMS,A(F—> [To+ratl, (10)
3 . 0
<]
0.0 ¢ w 41 g%l1 1
1 3 o 2 )\0 )\1 ﬂ(mo ml)
FIG. 1. Equilibrium thermodynamics for nonane®t 315 K 3 .3 TN 2 2
in the density functional theoryDFT) and the triple-parabola ap- X(ra—rg)+ ?(MlArA_ M1grs)
proximation (P): (a) The free energy density arf) the chemical L
pg:zrrgi:tler'ilative to the saturated vapor as a function of the order 277)\1[ 2M1grgMal A —(M2 2
P ' I'y LSirfrl(rA_rB)] LAA
dlu‘h 2 2
dp —a +Migrg)cofl'(ra—rg)ly, (11
Pi
N=A(un— 2 5
i (Iu’h,l Iu’h,v) d,uh ( ) w 477_ BZ 1 1 . 5
dp ) 2312 N N, B(mg—my) |rg
2 -
. r sinh(2I" ,r
We set\; so as to recover exactly the surface tension of the + Zw)\zMﬁB(—B) FZM - rgl}
full DFT. e cosf2l'5rg) —1

This triple parabola approximation linearizes the respec- (12
tive Euler-Lagrange equations yielding
) The nucleation rate is calculated as
M+ =M/ =I'?M;=0, (6)
r J=1Jyexp{— W/KT}, (13

where the prime stands for differentiation with respect,to \yhere the classical nucleation prefactor
I';=(\/2c)Y? for i=0 and 2, T';=(|A,]/2c)¥? and ¢

=3 A(un,— &n,o)?, while the positive sign of the third term s 1 112
applies fori=1. Equationg6) have the piecewise analytical Jo=pop, ~(2ylmm)

solutions[17 . . .
[17] is used[14,18), with p, as the density of the supersaturated

Mo={agexpor)+bgexp —or)ir 1, vapor, andm as the molecular mass. A full dynamical treat-
. . ment of the DFT gives results almost indistinguishable from
My ={a;sin(I'yr)+by cogI'yr)pr—, (7)  this simple choice ofl, [10].

In applying the present model to the condensation of real
substances, we first set the valueseoéind the HS radiugl
so that they reproduce the equilibrium vapor pressyg (
and density of the liquid. Then, the planar version of &g.

M,={a, sinh(—T',r)+b, cosi —',r)}r 1,

for the reduced order parameter profildd;=m—m;
— BI\;, an approach similar to that we explored in H&f7].
Considering the boundary conditions—m,, for r—o and
m’—0 for r—0, and the continuity of the order parameter
profile, the coefficients; andb; can be expressed in terms 1 (o (Pe™Pn) = 5p(tte= pn) dup,
of the coordinates 5, rg, my, and mg of the matching Y= Xf [2A1(p,py) ]2 (W
points between the piecewise solutions. The condition of Pv Y

continuity of m” yields transcendental equations forand s sed to evaluate the range paramatérom the measured

)dp, (14

Mg surface tension, whem,(p) and u(p) are the CS relation-
O0=M+ [T+ COUTATa) =11+ Maa[ Tt r ot ships for pressure and chemical potential. Note thad, and
Al P cotlara) =ra’l oallotra”] N\ depend on temperatufd4]. Having fixed these param-
—byTy[rasinTra)] 3 (8) eters,A and\,; are determined via Eq$4) and (5), while 8
. is chosen so that the free energy difference between the va-
0=Mg[I';cot(I'yrg) —rg ]+ Myg por and liquid minima(that shift relative tom, andm, for

B#0) is equal to the bulk chemical potential difference

-1 _ _ H -1
X[rg + Tz cot(—Irg)]=byl'[rgsin(larg)] [Au~KkTIn(S), whereSis the supersaturatign

9 The free energy and chemical potential curves predicted
by the DFT and the triple parabola approximation are com-
where bi=[MygrgsinI’sra) —Myarasin(’srg)l/ pared in Fig. 1. At small supersaturations, the triple parabola

sifI'y(ra—rg)], Mj a=M;(m,), andM; g=M;(mg). expansion reproduces the thermodynamic properties of the
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FIG. 2. Radial density profiles as predicted for nonaneT at
=315 K by the density functional theopFT) and the analytical
approximation (®).

HS-Yukawa system with a high accuracy. Deviations are
only seen for extreme supersaturations that are out of the
typical range of experiments. Accordingly, below a limiting
supersaturationf u~1.XT., whereT, is the critical tem-
perature determined by, «, andd), the predicted density
profiles(Fig. 2) and nucleation rated=ig. 3) are in an excel-
lent agreement with the numerical results from the DFT.
Similar agreement has been found for the condensation of
various substanced-ig. 4). Note that the DFT predictions
are insensitive to the form of the attractive potenf@mpa-
rable results were obtained for Yukawa and Lennard-Jones
type attraction [14], and that by incorporating microscopic
features the DFT predictions are significantly closer to the
experiments[19-23 than those from the classical theory
[18] (see Figs. 3 and)4

The success of the present model stems from using the HS
chemical potential as the order parameter. Previous gradient
theories of condensation, that rely on density as the order
parameter, proved less succes$f2d]. The essential differ-
ence is thatA=const in Eq.(3) translates to a strongly
density-dependent coefficient of the gradient term when den-
sity is introduced as the order parameter.

Summarizing, we demonstrated that the analytical model

presented here can be used with confidence to reproduce the
DFT predictions for both the density profile and the nucle—(S
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FIG. 4. Comparison of the predicted critical supersaturations
) that correspond to fixed nucleation rates with experiments on

(@ nonane and toluengl=155 cm 3s ! corresponds to a drop
10 4 - ' — T x count of~1 cm 2 (Ref.[20])], (b) octadecanéRef.[21]), (c) Ar
= 10 3 ' . . Toluene ‘ (Ref.[22]), and(d) Hg (Ref.[23]). Note that a small deviation i&.

g 10 z g f ég f E may correspond to orders of magnitude difference in the nucleation
L 10 g 3 y E rate[cf. panel(a) and Fig. 3. The larger deviations seen for Hg are
- 1_1?— //,/ “ / E associated with a metal-nonmetal transition taking place in small

5 18 =F S , DFT E clusters(Ref.[23]). Log stands for base 10 logarithm.

Swo =y /S T A

10§ A E ation rate. This is done at substantially lowered computa-

%10 ‘Z- )/ ’ 3 tional costs, opening the way for incorporating the detailed

5 10 - ‘ E molecular theory into macroscopic scale modeling. Such an
10 ' approach may be of importance in diverse fields including
10 Supersaturatiorlloo the evaluation of laboratory experiments on condensation

FIG. 3. Drop counfproportional to nucleation rates predicted

(supersonic nozzle, laminar flow cloud chamband atmo-
spheric sciences.

by the density functional theor§DFT) and the triple-parabola ap-
proximation (3P) for toluene. Experimental resultsriangles, Ref.

[19]), and the classical predictiof€NT) are also shown. Data sets
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